In 1994, Matthews introduced and studied the concept of partial metric space and obtained a Banach-type fixed point theorem on complete partial metric spaces. In this paper we study fixed point results of new mappings with a contractive iterate at a point in partial metric spaces. Our results generalize and unify some results of Sehgal, Guseman andĆirić for mappings with a generalized contractive iterate at a point to partial metric spaces. We give some generalized versions of the fixed point theorem of Matthews. The theory is illustrated by some examples.
Introduction
In , Banach proved the following famous fixed point theorem [] . Let (X, d) be a complete metric space. Let T be a contractive mapping on X, that is, one for which exists q ∈ [, ) satisfying
for all x, y ∈ X. Then there exists a unique fixed point x  ∈ X of T. This theorem, called the Banach contraction principle, is a forceful tool in nonlinear analysis. This principle has many applications and has been extended by a great number of authors. For the convenience of the reader, let us recall the following results [-].
In , Sehgal [] proved the following interesting generalization of the contraction mapping principle.
Theorem . ([]) Let (X, d) be a complete metric space, q ∈ [, ) and T : X → X be a continuous mapping. If for each x ∈ X there exists a positive integer n = n(x) such that d T n x, T n y ≤ q · d(x, y) (  .  )
for all y ∈ X, then T has a unique fixed point u ∈ X. Moreover, for any x ∈ X, u = lim m T m x.
In , Guseman [] (see also [] ) generalized the result of Sehgal to mappings which are both necessarily continuous and which have a contractive iterate at each point in a (possibly proper) subset of the space.
In , Ćirić [] , among other things, proved the following interesting generalization of Sehgal's result. holds for all y ∈ X, then T has a unique fixed point u ∈ X. Moreover, for every x ∈ X, u = lim m T m x.
Partial metric spaces were introduced in [] by Matthews as part of the study of denotational semantics of dataflow networks and served as a device to solve some difficulties in domain theory of computer science (see also [, ] ), in particular the ones which arose in the modeling of a parallel computation program given in [] . The concept has since proved extremely useful in domain theory (see, e.g., [-] ) and in constructing models in the theory of computation (see, e.g., [-] ).
On the other hand, fixed point theory of mappings defined on partial metric spaces since the first results obtained in [] has flourished in the meantime, a fact evidenced by quite a number of papers dedicated to this subject (see, e.g., [-]). The task seems to have been set forth of determining what known fixed point results from the usual metric setting remain valid -after adequate modifications that should as much as possible reflect the nature of the concept of partial metric -when formulated in the partial metric setting.
The potentially nonzero self-distance, built into Matthew's definition of partial metrics, was taken into account in [] in an essential way by a rather mild variation of the classical Banach contractive condition, and in [] further considerations in this direction were carried out which were in turn generalized by Chi et al. in [] . This paper represents a continuation of the previous work by the authors. Now we study fixed point results of new mappings with a contractive iterate at a point in partial metric spaces. Our results generalize and unify some results of Sehgal, Guseman and Ćirić for mappings with a generalized contractive iterate at a point to partial metric spaces. We give some generalized versions of the fixed point theorem of Matthews. The theory is illustrated by some examples.
Preliminaries
Throughout this paper the letters R and N will denote the set of real numbers and positive integers, respectively.
Let us recall [] that a nonnegative mapping p : X × X → R, where X is a nonempty set, is said to be a partial metric on X if for any x, y, z ∈ X the following four conditions hold true: A paradigm for partial metric spaces is the pair (X, p) where X = [, +∞) and p(x, y) = max{x, y} for x, y ≥ . Below we give two more examples of partial metrics both of which are taken from [] .
..,n-} , where N  is the set of nonnegative integers.
By L(x) denote the set {, , . . . , n} if x ∈ R {,,...,n-} for some n ∈ N, and the set N  if
For applications of partial metrics to problems in theoretical computer science, the reader is referred to [, , , ].
In [] Matthews proved the following extension of the Banach contraction principle to the setting of partial metric spaces. Taking a different approach to the way in which contractive condition (.) can be generalized for partial metrics, we [, ] have obtained other extensions of Theorem .. To state one of them, we will use the following notation. Given a partial metric space (X, p) set r p := inf{p(x, y) : x, y ∈ X} = inf{p(x, x) : x ∈ X} and R p := {x ∈ X : p(x, x) = r p }. Notice that R p may be empty and that if p is a metric, then, clearly, r p =  and R p = X. Then the set R p is nonempty. There is a unique u ∈ R p such that Tu = u. For each x ∈ R p , the sequence {T n x} n≥ converges with respect to the metric p s to u.
Remark . Although Theorem . does not imply uniqueness of the fixed point, it is easy to see that, under the assumptions made, if u and v are both fixed points satisfying
Remark . Completeness of a partial metric does not necessarily entail that R p is nonempty. A (class of ) counterexample(s) is easily constructed as follows.
Thus there are no nonstationary p-Cauchy sequences.
If condition (.) is replaced by the somewhat stronger condition below, then the uniqueness of the fixed point is guaranteed.
and T : X → X be a given mapping. Suppose that for each x, y ∈ X the following condition holds
Then there is a unique z ∈ X such that Tz = z. Furthermore, z ∈ R p and for each x ∈ R p the sequence {T n x} n≥ converges with respect to the metric p s to z.
Auxiliary results
We now introduce the two types of contractive conditions that we shall be considering in this paper. Let us remark that if T : X → X, then we write T  = I for the identity mapping
for some j ∈ {, , . . . , n(x)}. (ii) We say that T is a C-operator on X if for each x ∈ X there is some n(x) ∈ N such that for each y ∈ X there holds
for some j ∈ {, , . . . , n(x)}. http://www.fixedpointtheoryandapplications.com/content/2013/1/335
For a C  -operator T on a partial metric space (X, p) and x ∈ X define the supporting sequence at the point x as the sequence {s k } k≥ , where s  =  and s k+ = s k +n(T s k x). Clearly, this is a strictly increasing sequence. Also set R T (X) := {x ∈ X | T m x = T m+ x for some m ∈ N}.
Lemma . Let T be a C  -operator on a partial metric space (X, p), x ∈ X \ R T (X), {s k } k≥ be the supporting sequence at x and k ≥  and i ≥ s k be given integers. Then we must have
Now if (.) were to hold, then (.) and (P) would imply that (.) is true as well. So (.) also holds and thus
, the assertion here follows from the previous case. 
and we are done. For i > s k + , the argument carries on by induction. Suppose that (.) holds for some
. By the induction hypothesis, there is some j ≥
, the last inequality clashes with our assumption.
To shorten the foregoing considerations, we introduce some auxiliary notions as follows. Fix x ∈ X \ R T (X). For integers k ≥  and i ≥ s k , use Lemma . repeatedly to fix integers l j ≥ s j ,  ≤ j < k and t  , . . . , t k ∈ {, } such that, putting l k := i, there holds
for all  ≤ j ≤ k, where
We shall refer to (l  ); here and henceforth, for a finite set P, we denote by card(P) the number of its elements. We shall say that x is of type  if x is not of type , i.e., if there are
To make the proof of our main result more transparent, we have extracted from it several parts and presented them first in form of the next five lemmas.
Lemma . Let T be a C  -operator on a partial metric space (X, p), x / ∈ R T (X), and let {s k } k≥ be the supporting sequence at x. Then:
where we set l k := i  . http://www.fixedpointtheoryandapplications.com/content/2013/1/335
To prove (b) simply observe that card(S x k,i  ) < card(P) implies that the set {j +  | j ∈ P} is a subset of {, . . . , k} with card(P) > card(S x k,i  ) elements so that there must be some j  ∈ P with t j  + = . Hence
where we used (a) and the fact that l j  = s j  .
Lemma . If T is a C  -operator on a partial metric space (X, p) and x ∈ X, then there is
Proof If x ∈ R T (X), then this is obvious. Thus suppose x / ∈ R T (X) and set
x). If k = n(x), then it is certainly true that p(x, T i x) ≤ M x for all  ≤ i ≤ k. Now suppose that the same is valid for some k ≥ n(x). If p(x, T k+ x) ≤ p(x, T i x) for some  ≤ i ≤ k, then by the induction hypothesis there holds
or, using (.) and the fact that p(
By induction the desired conclusion follows. 
Lemma . Let T be a C  -operator on a partial metric space (X, p) and x ∈ X \ R T (X). If x is of type , then lim i,j p(T i x, T j x) = .
Suppose now that card(S 
We have thus shown that p( Let us prove 
The previous analysis proves lim i,j p(T i x, T j x) = .

Lemma . Let T be a C  -operator on a partial metric space (X, p) and x ∈ X \ R T (X).
and we are done. From (.) it now immediately follows that
Indeed, given ε > , consider m  as in (.) and let i, j ≥ s m  be arbitrary. Then
To prove
we now only need to show that
) be arbitrary and let k ∈ N be as in (.). We claim that r x -ε <
p(T i x, T i x) holds for all i ≥ k. This would prove (.) since p(T i x, T i x) ≤ p(T i x, T j x).
Suppose to the contrary that there is some . Now, using
which is not possible. http://www.fixedpointtheoryandapplications.com/content/2013/1/335
Lemma . Let T : X → X and let p : X × X → R be any mapping satisfying (P). Suppose that x ∈ X is such that T k x = x holds for some positive integer k, and that there exists y ∈ X such that
Main results
Having made the necessary preparations, we are now able to prove fixed point results for C  -operators on complete partial metric spaces. But first we prove a proposition giving some insight into the structure of this type of mappings.
Proposition . If T is a C  -operator on a complete partial metric space (X, p), then () for each x ∈ X, the sequence {T i x} i≥ p s -converges to some v x ∈ X;
Proof The existence of such points v x is assured by Lemmas . and . and completeness if x ∈ X \ R T (X), and is self-evident if x ∈ R T (X). To prove (), let x, y ∈ X be arbitrary and suppose that
y (by (P) and (P)) and we are done. Thus assume that p(v x , v y ) >  and let ε >  be arbitrary such that
and, similarly,
Fix any i  ≥ m  and set
, which is false by our choice of ε. This leaves us with the only other possibility:
From the preceding analysis it follows that 
Fix m, k ≥  and let {s q } q∈N be the supporting sequence at x m . Let l ≥  be any integer
Assume this is not the case. Then p(T s k u, T s k u) = I can hold for at most one k ∈ N. As we have  ≤ p(T s k u, T s k u) ≤ I for all k ∈ N, our assumption implies in particular that r u = I > . Thus we can take some ε >  such that r u -ε > α(r u + ε). The assumption also allows us to find some m  ∈ N such that for all k with s k ≥ m  we have p(T s k u, T s k u) < I,
There is some positive ε  < ε such that L < r u -ε  . Let i be the smallest integer with i > s k+ such that p(T i u, T i u) > r u -ε  , and let m ∈ N be the greatest integer such that s m ≤ i. So m ≥ k + .
Clearly, we have s m- ≥ s k ≥ m  and i - ≥ s k+ ≥ m  . The minimality of i and m and the fact that L < r u -ε  can now easily be used to deduce that p( 
Remark . To ensure uniqueness of the fixed point, we can strengthen condition (.) as follows. Given a partial metric space (X, p), call T : X → X a C  -operator if for each x ∈ X there is some n(x) ∈ N such that for each y ∈ X there holds If we completely neglect the role of self-distances in (.), we can easily verify that the statement of Theorem . remains valid upon substituting the words 'partial metric' for 'metric' and '-complete' for 'complete' . We will prove this using the approach of Haghi, Rezapour and Shahzad [] that will allow us to deduce Theorem . directly from Ćirić's result (Theorem .). 
